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Abstract. We describe a one-parameter family of periodic orbits in the planar problem of three 

bodies with equal masses. This family begins with Schubart's (1956) rectilinear orbit and ends in 

retrograde revolution, i.e. a hierarchy of two binaries rotating in opposite directions. The first-order 

stability of the orbits in the plane is also computed. Orbits of the retrograde revolution type are 

stable; more unexpectedly, orbits of the 'interplay' type at the other end of the family are also stable. 

This indicates the possible existence of triple stars with a motion entirely different from the usual 

hierarchical arrangement. 

1. Introduction 

In a previous paper (H6non, 1974, herafter called I), it was shown that periodic 

solutions of the planar three-body problem with given masses form one-parameter 

families in general. Segments of two families were found numerically, starting from 

two particular orbits computed by Standish (1970) and Szebehely (1970). 

The next step was to try to obtain an entire family of periodic orbits, rather than 

just a segment. We could have tried to extend the families of Paper I to their natural 

ends; this, however, would have been time-consuming because the orbits are rather 

complicated; besides, these families were arbitrarily selected examples, without any- 

thing very remarkable about them, among a probably large number of similar families 

having roughly the same degree of complexity. Therefore we preferred to start afresh 

and to explore a simpler and more significant family. We took as starting point a 

periodic orbit computed by Schubart (1956). The corresponding family was found to 

consist of comparatively simple orbits, and could be followed without trouble to its 

natural e n d -  which came as something of a surprise. As will be seen, this family 

has some remarkable properties. A detailed description of the family is given in 

Section 2. After the present work had been completed, we were informed that Broucke 

(1975) had independently computed a part of the same family. 

Many applications, either theoretical or practical, require a knowledge of the 

stability properties of periodic orbits. We describe in Section 3 a general method for 

the computation of the first-order stability of plane periodic solutions of the three-body 

problem. A similar method was independently devised by Hadjidemetriou (1975). 

Section 4 presents the stability properties of our family of periodic orbits. Section 5 

is devoted to comments and applications. 
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2. A New Family of Periodic Orbits 

The starting point of our family is the remarkable periodic orbit computed by 

Schubart (1956; Table 3 and Figure 5), for the case of three equal masses: 

m l  = m 2  = m 3  = 89 (1) 

As in I, we normalize the total energy to the value 

E = - 8 9  -t- m2m3 + maml) (2) 

or E = - - ~  in the present case. Schubart 's orbit is rectilinear: the three bodies move 

on the x-axis. At time t--O, bodies 1 and 2 have a collision at x l = x 2 = - a ,  with 

a=0 .717  560 83 .. . ,  while body 3 is motionless at xa=2a. Then xl and x3 decrease, 

x2 increases, until at t = T/2 bodies 2 and 3 have a collision at x2 = x3 = a, while body 1 

is at X l = -  2a with zero velocity. After t =  T/2 the motion is reversed and at t = T =  

=4.698 083 80 ... the system is back to its initial state. 

According to the general predictions of Paper I, Schubart 's periodic orbit should 

be isolated inside the set of rectilinear orbits; but if we consider the larger set of 

planar orbits, then Schubart 's orbit should be a member of a continuous one-para- 

meter family of periodic orbits. These expectations were fully confirmed by the 

numerical results, and the family was easily found, following the general method 

described in I. We call it family m, for reasons which will become apparent later. Its 

members have a non-zero angular momentum A in general, and also a non-zero 

rotation angle ~ after one period. (We use here ~b instead of fp in Paper I, so that all 

global parameters of the orbit are represented by a capital letter.) The collisions 

disappear as soon as Schubart 's orbit is left. We assume, as in I, that  the x-axis is 

parallel to the direction from 2 to 3 at time t = 0  and we represent by x~, y~, u~, v~ the 

coordinates of position and velocity of body i. All orbits of the family are then found 

to be symmetrical with respect to the x-axis: 

x i ( - t )  = x , ( t ) ,  

u , ( - t )  = - u , ( t ) ,  

y , ( - t )  = - y , ( t ) ,  

v , ( -  t) = v,(t) ,  i = 1, 2, 3. 
(3) 

In particular: 

y,(0) 0 ,  u,(0) = 0,  i = 1, 2, 3. (4) 

So at time t = 0  the three bodies are on the x-axis and move perpendicularly to it. 

Let us consider, as in I, a system of axes (X, Y) which rotates with a constant angular 

velocity co= ~ / T  and coincides with (x, y) for t = 0 ;  there is also 

and 

X ~ ( -  t) = X~(t), Y~(-  t) = - Y~(t), 

~ ( -  t )  = - 37~(t), L ( -  t)  = Y~(t) ,  i = 1 , 2 , 3 ,  
(5) 

r,(0) = 0, ~, (0)  = 0,  i =  1 , 2 , 3 .  (6) 
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Moreover, the orbits are closed in the rotating system: 

Xi(t + T)= Xi(t), etc. (7) 

It follows immediately from (5) and (7) that 

Y , ( r / 2 )  = 0 ,  X , ( T / 2 )  = o ,  i =  1 ,2 ,3 .  (8) 

This is the well-known symmetry exhibited by most known periodic orbits in the 

restricted problem (see Szebehely, 1967), and also by the periodic orbits of the 

general three-body problem computed by Broucke and Boggs (1975), Broucke (1975), 

Hadjidemetriou (1975), Hadjidemetriou and Christides (1975), Bozis and Christides 

(1975). It would therefore be possible to compute only one half of the orbits (of. 

Hadjidemetriou, 1975); however, since our program is designed for the general case 

of periodic orbits without any symmetry, we have not used this simplification, and 

the orbits were effectively integrated over one whole period. The conditions (4) were 

not enforced on the initial coordinates; rather, the program adjusted all four 

initial coordinates xl,  yl ,  u~, v~ so as to obtain a periodic orbit, as explained in I. 

In other words, the computer was unaware of the symmetry of the orbits. Thus, the 

extent to which the computed values of yi(0) and ui(0) deviated from zero could be 

used as another accuracy test. This deviation was found to be of the order of 10 - 1 4  . 

Table I lists quantities of interest for a number of orbits of the family. Initial values 

are given for xl, v~, x2, v2 only; the remaining initial coordinates are given by (4) 

and 

= - + = - ( v ,  + v , ) .  (9) 

Also listed are the period T and the rotation angle ~. The quantities kl and k2 will 

be explained in Section 3. 

Figure 1 represents a few selected orbits, identified by their number in Table I, 

and represented in the fixed system of reference (x, y). Filled symbols represent the 

initial positions; open symbols represent the final positions. One full period is shown, 

from t = 0  to t=  T; therefore the final positions are derived from the initial positions 

by a rotation of angle ~ around the origin (marked by a cross). More generally, the 

motion between t - k T  and t - ( k  + 1)T, k integer, can be obtained by a rotation of the 

shown trajectories through an angle k~  around the origin. 

In order to make the periodicity more apparent, the same orbits are represented in 

Figure 2 in the rotating system of axes (X, Y). In this system, the orbits are closed. 

It becomes apparent also that the orbits have an additional symmetry with respect 

to the Y-axis, provided that bodies 1 and 3 are exchanged as the symmetry is effected. 

This is a consequence of our particular choice ml =m3; it is analogous to the par- 

ticular symmetry exhibited by the restricted problem when the masses of the pri- 

maries are equal (see Szebehely, 1967). This symmetry, together with the symmetry 

with respect to the X-axis, might be used to reduce the integration to one fourth of 
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Fig. 1. Some orbits of family m, in the fixed system of axes (x, y). One full period is represented. 

Filled symbols represent positions at time t = 0 ;  open symbols are positions at time t =  T. Circles, 

squares and triangles correspond respectively to bodies 1, 2, 3. The cross indicates the centre of 

mass. 

the whole period; such a reduction was indeed used in Schubart's original computa- 

tion (1956). 

We proceed now to a more detailed description of the orbits and their evolution 

along the family. Orbit 1 is Schubart's rectilinear orbit; it is the same in Figures 1 

and 2, since the rotation angle is zero for that particular orbit. As we move a little 

along the family, the orbits begin to extend in the y-direction (cf. orbit 5). Body 2 

acts as an intermediary between the two others: at time t = 0 there is a close approach of 

bodies 1 and 2, while at time t = 7"/2 there is a close approach of bodies 2 and 3. Thus, 

body 2 periodically kicks away bodies 1 and 3 in turn, and prevents them from ever 

approaching the centre. This kind of motion has been called interplay by Szebehely 

(1971). 
The angle of rotation ~b is at first positive and small; it reaches a maximum, then 

decreases. The periodic orbit corresponding to the maximum was located numerically; 
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Fig. 2. 
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Same orbits as in Figure 1, represented in a rotating system. Arrows indicate the direction 

of motion. 

it is orbit 5. We noticed then the curious fact that this orbit appeared to correspond 

also to a maximum for the period T. This observation led us to the discovery of the 

following general relation: 

dT A dO~ 

dA 2E dA (10) 

The derivatives with respect to A are to be understood as taken along the family of 

periodic orbits. A proof of (10) will be given elsewhere (H6non, 1975). This relation 

shows that an extremum of ~b must also be an extremum of T. Conversely, an extremum 

of T is either an extremum of ~b, or an orbit with zero angular momentum; the second 

case is realized in the present family by Schubart's orbit, for which A =0 ,  dT/dA-0, 
d~/dA r  It should be noted that the relation (10) is true only when all periodic 

orbits are normalized to the same energy E. 
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After its maximum, the rotation angle ~ decreases, and later becomes negative. We 

have computed the particular orbit for which ~ - 0 ;  this is orbit 11. This orbit is 

closed also in fixed axes. It was also found by Broucke (1975), who calls it an 'absolute 

periodic solution'. ~b continues then to decrease until the end of the family, and tends 

asymptotically towards - 2 n .  Thus, the orbit of body 2 progressively becomes shorter 

(Figure 1, orbits 23 to 41). At the same time; bodies 1 and 3 progressively approach 

each other. Towards the end (orbit 41), body 2 has been pushed aside and bodies 1 

and 3 are engaged in close and continuous interaction. We recognize here another 

familiar kind of motion: bodies 1 and 3 form a close binary, rotating in the retrograde 

direction; and this binary, considered as a single body, forms itself a wide binary 

with body 2, rotating in the direct sense. This motion has been called 'revolution' by 

Szebehely (1971); we shall call it more specifically retrograde revolution in order to 
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Fig. 3. Same orbits as in Figure 1, represented in another rotating system. 
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indicate the fact that the binaries revolve in opposite directions. We shall also adopt 

Harrington's (1969) terminology and speak of the inner binary and the outer binary. 

As already pointed out in I, the angle 4 is defined only modulo 2~z. The values 

given in Table I were defined by continuity, taking 4 = 0  for Schubart's orbit. These 

values have been used to define the rotating system in Figure 2. Near the end of the 

family, however, 4 approaches -2~z, and a better choice is 4 ' =  4 + 2~z. In Figure 3, 

the orbits are shown in a system of axes rotating with the constant angular velocity 

co'=4'/T. The motion becomes very simple in this system towards the end of the 

family: body 2 is almost motionless, while bodies 1 and 3 revolve around each other 

in quasi-circular orbits. Incidentally, because of ml =m3, the orbits of bodies 1 and 3 

are identical in Figure 3, and body 2 describes twice the same curve during one period; 

after a time 7'/2, the motion reproduces itself with bodies 1 and 3 exchanged (cf. 

Broucke and Boggs, 1975). 

The end of the family is now clear. The ratio of the semi-major axis of the outer 

binary to that of the inner binary increases constantly and tends to infinity. The 

energy of the outer binary becomes negligible compared to that of the inner binary; 

since the orbits are normalized to a constant total energy (2), the semi-major axis of 

the inner binary tends to the limiting value 89 and the semi-major axis of the outer 

binary tends to infinity. Inversely, the angular momentum of the system becomes 

essentially the angular momentum of the outer binary, and tends to +oe. The period 

of the system becomes essentially the period of the inner binary, and tends to ~ ~ .  

The velocities v~ and v3 at t = 0  tend to +__ 1/~/2, while v2 tends to zero. 

The family can also be extended, starting from Schubart's orbit, towards negative 

values of A. The corresponding orbits are obtained from those of Figure 1 by a 

symmetry with respect to the x-axis, and the parameters are obtained by reversing 

the signs of A, vl, v2, 4 in Table I. We reach thus the other end of the family, which 

is again a retrograde revolution, but this time with the inner binary revolving in the 

direct sense and the outer binary revolving in the retrograde sense; the angular 

momentum tends to -c~. 

3. Stability: Method 

The planar three-body problem in its original form has 6 degrees of freedom. How- 

ever, there are 4 time-independent integrals: the two components Uo, Vo of the velocity 

of the centre of mass; the total energy E; and the angular momentum A. Four ignor- 

able coordinates are associated to these integrals: the coordinates Xo, Yo of the centre 

of mass; the time t; and an angle 0 defining the orientation of the figure (0 can be 

defined, for instance, as the angle between the line joining body 2 to body 3 and the 

x-axis). As a consequence, the number of degrees of freedom can be reduced from 

6 to 2 (Whittaker, 1937, pages 54 and 64); the 4 integrals appear as parameters in the 

reduced system, while the ignorable coordinates are altogether eliminated. The re- 

duction can be carried out in many different ways (see for instance Hadjidemetriou, 

1975; Broucke, 1975). Here we shall consider a rotating system of axes (2, ~), with its 
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origin at the centre of mass and with the 2-axis parallel at any given time to the 

direction from 2 to 3. We take the coordinates of position and velocity of body 1" 

21,931, z~l, ~31, as the four dependent variables of the reduced system; z~l and 131 are 

the components along the rotating axes of the velocity measured in fixed axes. We 

also take s =  r'23, i.e. the time-derivative of the distance from 2 to 3, as independent 

variable. The equations of the reduced system are then of the form 

d21 
= f (s ,  21, Yl, ~tl, Vl, Uo, Vo, E, A )  (11) 

ds 

and three similar equations for d~l/ds, dz~l/ds, dfJ1/ds. A straightforward computation 

shows that it is indeed possible to reduce the system to this form. 

The integrals Uo, Vo, E, A appear as parameters in the Equations (11). Changing 

uo, Vo amounts merely to changing the system of reference, and we can take Uo = Vo = 0 

without loss of generality. Similarly, E can be reduced to the normalized value (2) by 

a change of scale. Thus the Equations (11) contain in fact only one non-trivial para- 

meter, A. 

It is customary to speak o f '  periodic solutions of the three-body problem';  strictly 

speaking, one means in fact periodic solutions of the reduced problem. Correspond- 

ing solutions of the original problem will not in general be periodic: the final con- 

figuration is rotated and translated with respect to the initial one. So we are in fact 

investigating periodic solutions of (11). 

The new independent variable s does not grow monotonically along the orbit, but 

oscillates. For given values of the integrals Uo, Vo, E, A, we define a particular solution 

of the reduced system by the values of 21,331, z~l, ~31 for s--0;  the whole solution can 

then be obtained by integration of (11). If, at a later passage of s through the value 0, 

21 ... z31 take again the same values, the orbit is periodic. Thus, periodic solutions of 

the reduced system must satisfy 4 equations for 4 unknowns, and therefore they are 

isolated. 

In order to determine the stability of a periodic orbit, we consider a slightly per- 

turbed orbit starting from 21 + A21 ... z31 + Az31 at s - 0 .  The values of the parameters 

Uo, Vo, E, A are kept fixed. We follow this perturbed orbit until s again becomes zero. 

The four variables are then xl + A xl . . .  vl + A'z31. In the linear approximation, there is 

t 
A'2~\ / i ~ \  

A'~/ \Av~/ 

(12) 

where R is a 4 x 4 matrix. The 4 eigenvalues of R are those we need. 

In practice, the reduced Equations (11) are awkward to use for numerical integra- 

tion, and it is much more convenient to integrate the original unreduced equations. 

To any given solution of the reduced system (11), there corresponds a four-fold 

infinity of solutions of the original system, because an arbitrary constant can be added 
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to each of the 4 ignorable coordinates Xo, Yo, t, 0. The choice of these constants has 

no effects on the results. We therefore set simply Xo = Y o - t  = 0 = 0  for the initial point 

s - 0 .  The study of the stability of a periodic solution is then very similar to the search 

for the periodic orbit itself; in fact, the matrix R is precisely the 4 x 4 matrix which 

was already defined and used in I. 

Since the three-body problem is a Hamiltonian system, if 2 is an eigenvalue, then 

2-  ~ is also an eigenvalue (Whittaker, 1937, page 403). Therefore the equation for the 

eigenvalues has the form 

2 4 + a12 a + a2,~, 2 + a12 + 1 = O. (13) 

An exhaustive study of this equation has been made by Broucke (1969), who showed 

that seven regions must be distinguished in the (al, a2) plane. Only one region corres- 

ponds to the stability of the periodic orbit; it is defined by 

- 4  < a~ < 4, 
a 2 

2]a~ ! - 2 < a2 < ~ + 2. (14) 

Equation (13) can also be written 

(22 - k~2 + 1)(22 - ka2 + 1) = 0, (15) 

where k~ and kz are given by 

kl ,2  = 89 + (a 2 - 4 a 2  + 8)1/21. (16) 

kl and kz are the stability indices of the orbit (Whitaker, 1937, page 404; 

1969). The orbit is stable if 

Broucke, 

kl and kz real, [k~ I < 2, Ik2l < 2. (17) 

There is some question as to which quantities are most convenient for a description 

of the stability, al and az have the advantage that they are always real, so that a 

periodic orbit can always be represented by a point in the (al, az) plane; on the 

contrary, k~ and kz can be complex, in which case the orbit cannot be represented in 

the (kl, kz) plane. On the other hand, the region of stability (14) in the (al, az) plane 

has a complicated shape, while in the (k~, k2) plane it is simply a square; and the 

conditions (17) are a natural generalization of the case of two degrees of freedom, 

where one has a single condition of the form ]k] <2. Moreover, in some cases the 

perturbation Equations (12) are separable and the two stability indices kl and ka 

can be related to two different kinds of perturbations (H6non, 1973; see also below). 

For  the orbits considered in the present paper, k~ and kz happen to be always real, 

and we shall use them. 

In passing, we point out an error in a similar analysis made by Bray and Goudas 

(1967). They state that the periodic orbit is stable when a 2 - 4 a z + 8 < 0 .  This is in- 

correct; in that case, which corresponds to Broucke's region 2, the four eigenvalues 

are complex and two of them have a modulus larger than 1. 
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The practical procedure is as follows. After a periodic orbit has been found, we 

again compute 4 slightly perturbed orbits in which each of the initial coordinates in 

turn is increased by a small quantity e. For instance, starting from 21 + e, Yl, z~l, ~1, 

we find the final values 21 +A'21 ...#1 + A'#I. For increased accuracy, we also com- 

pute symmetrically perturbed orbits: starting from 2 1 -  e, 3)1, zil, #1, we obtain the 

final values 21 + A"21 ... "#1. #14-A The 16 elements of R are then obtained from 

A'21 - A"21 
, etc. (18) rll  = 2e 

Next, we compute the coefficients al ... a4 of the eigenvalue equation 

Det (R - 21) = 24 + a123 + az~ z + a32 + a 4  = O. (19) 

There should be a3 = al and a4-- 1 ; this serves as a check on the accuracy of the com- 

putation. With e=  10 -6 and 16-digit computer accuracy, these conditions are usually 

satisfied with an error of the order of 10 -8 for the present family m. Internal evidence 

indicates that al is more accurately determined than a3; therefore only al and a2 

are retained. Finally, kl and k2 are computed from (16). 

Hadjidemetriou (1975) has developed a similar method for the determination of 

the stability. His system of reduced variables is not the same as the one used here; 

this is of no consequence, because the eigenvalues are intrinsic properties of a periodic 

orbit and do not depend on the variables used to describe it. We have verified this by 

recomputing Hadjidemetriou's orbits and their stability indices in our own system. 

Our method is applicable to any plane periodic orbit; Hadjidemetriou's method is 

presented only for symmetric orbits, but it could probably be generalized also to 

non-symmetric periodic orbits. 

4. Stability :Results 

The method described in the previous Section was used to determine the stability of 

the orbits of family m, itself described in Section 2. The stability indices kl and k2 
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Characteristic of family m in the (kl, k2) stability plane. The critical orbits 15 and 28 and the 

end orbits of the family are represented by dots. 



A FAMILY OF PERIODIC SOLUTIONS OF THE PLANAR THREE-BODY PROBLEM 279 

are listed in Table I. Figure 4 represents the (kl, k2) plane; each periodic orbit is 

represented by a point, and the whole family is represented by a curve. 

We notice first the remarkable fact that Schubart's rectilinear orbit (orbit 1) is 

stable, in spite of its collisions: both stability indices are less than 2 in absolute value. 

[k~[ is close to, but definitely less than 2. For that particular orbit, the Equations (12) 

separate into two independent systems: 

( A':fl] = (rll rla](A~l] {A'~I] = (r22 r24]{A~l] (20) 
A'~q] r31 raa/ \Au l ] '  ~A'vl] \r42 I"44 ] ~Avl]" 

The first system corresponds to perturbations along the :f-axis, i.e. perturbations which 

preserve the rectilinear nature of the orbit; the second system corresponds to per- 

turbations perpendicular to the :f-axis. This is rather analogous to the separation 

between horizontal and vertical stability for plane orbits (H6non, 1973; see also 

Section 5). As a consequence, specific meanings can be assigned to kl and kz; we 

choose to define kl as the index for longitudinal stability and k2 as the index for trans- 

versal stability. Then: 

kl - -  / '11 "~- / '33~ k2 - -  /22 - t - / '44 .  (21) 

When one moves away from Schubart's orbit along the family, however, the separa- 

tion property disappears, kl and kz are then the two roots of a second-degree equation, 

as shown by (16), and cannot be distinguished any more. In Table I, the definition 

of kl and k 2 has been made simply by continuity. 

As family m is followed, we see from Table I and Figure 4 that the orbits continue 

to be stable over a sizable interval. This fact has important consequences, which will 

be developed in Section 5. Then, at some point, kl becomes larger than 2 and the 

orbits become unstable. The orbit for which kl is exactly 2 is of particular interest; 

this is orbit 15 in Table I. We call it a critical orbit, in analogy with the similar situa- 

tion in the restricted problem. It is represented in the third frame of Figures 1 to 3. 

The numerical results indicate that this critical orbit corresponds exactly to an 

extremum of A along the family. This is similar to the result found in the restricted 

problem (H6non, 1965) that an extremum of the Jacobi constant C corresponds to a 

critical orbit. We shall not give here a rigorous proof of the fact, but only the follow- 

ing intuitive explanation. Consider a periodic orbit which corresponds to an extremum 

of A, and an infinitesimal perturbation which changes it into a neighbouring periodic 

orbit of the same family. This perturbation does not change A to first order since we 

are at an extremum. It is therefore a valid perturbation of the reduced system (see 

Section 3). On the other hand, the perturbation after one period will be identical to 

the initial perturbation. It corresponds therefore to an eigenvector of the matrix R, 

associated to an eigenvalue 1. Then (15) shows that either kl or kz is equal to 2. 

Hence our result: an extremum of A corresponds to a critical orbit. It should be noted 

that, here again, the property holds because all orbits are normalized to the same 

energy. 
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After the critical orbit 15, the orbits of family m become unstable, and remain so 

until a second critical orbit is reached: this is orbit 28 in Table I. Again it corresponds 

to an extremum of A. It is represented in the fifth frame of Figures 1 to 3. After that 

orbit, both k~ and k2 are less than 2 in absolute value, and the orbits are stable again. 

In the vicinity of orbit 32, k2 reaches a minimum value equal to -1 .998  9 9 2 . . . ,  

slightly but definitely above the critical value - 2 :  the curve in Figure 4 seems to 

touch the critical line k z - - 2 ,  but in reality it does not. The orbits remain stable 

until the end of the family. This stability of the revolution case is not surprising, since 

the system is practically decoupled into two independent two-body systems (cf. 

Harrington, 1968, 1969, 1972). In this limit, k~ and ka can again be given separate 

meanings: an examination of the detailed results shows that k~ corresponds to per- 

turbations of the outer binary, while k2 corresponds to perturbations of the inner 

binary. Using the two-body approximation, one can show that 

k~ ~ k2 ~ 2 cos 4 .  (22) 

As the limit is approached, ~ tends to -2~z, and kl and k 2 tend to 2 from below. 

The accuracy of the numerical values of kl and k2 in Table I deteriorates somewhat 

towards the end of the family, because the quantity under the square root in (16) 

tends to zero. 

TABLE II 

Stability indices of family 1 

A kl  k2 

0. 19.037 599 5.528 887 

0.001 18.959 247 5.838 942 

0.002 18.847 851 6.937 154 

0.003 18.925 605 8.918 414 

0.004 19.442 487 11.428 346 

0.005 20.926 603 13.713 341 

0.006 23.948 034 15.044 280 

0.007 28.245 930 15.588 801 

TABLE III 

Stability indices of family 2 

A kl k2 
t 

o 

0.005 

0.010 

0.015 

0.020 

0.025 

3.301 132 

3.298 900 

3.290 721 

3.271 190 

3.225 735 

3.095 866 

-66 .351 928 

-65 .812  396 

-64 .106  512 

-60 .922  853 

-55 .482  264 

-45 .250  319 
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Tables II and III give the values of k~ and k2 (names arbitrarily assigned) for the 

orbits of the two families described in Paper I. Both families are strongly unstable, 

with large values of Ik~l and ]kz[. 

5. Comments 

(a) ' Interplay'  orbits in general seem to have the property that one of the bodies 

acts as an intermediary between the two other bodies and prevents them from ap- 

proaching each other (Szebehely, 1971). Let us call body 2 the intermediary. An 

interplay periodic orbit can then be loosely characterized by the numbers n~z and n23 

of close approaches (or collisions) occurring respectively between bodies 1 and 2 

and between bodies 2 and 3 during one period. (This is a generalization of the classi- 

fication proposed by Szebehely, 1970.) There must be at least one close approach 

of each kind for the motion to be classified as interplay; therefore the simplest 

possible case is (nla, n23)=(1, 1). This is precisely the case of family m (see Figure 1, 

orbits 1, 5, 15). Therefore this family may be said to represent the simplest possible 

kind of interplay. For comparison, we note that the other known periodic orbits of 

the interplay type, described by Szebehely and Peters (1967), Standish (1970), Szebehely 

(1970), Szebehely and Feagin (1973), correspond to the various cases (9, 8), (5, 4), 

(4, 4), (4, 3), and (3, 2). 

(b) We have described the family m for the case of three equal masses. One may 

ask how the family will evolve when the masses are changed. It is known that periodic 

orbits of the 'retrograde revolution' type exist and form a one-parameter family for 

any given masses of the three bodies (Siegel and Moser, 1971, page 138). Therefore, 

if the mass m2 is decreased continuously from 89 to 0, while the other masses ml and 

m3 are kept finite, the revolution end of family m will continuously evolve, until for 

m2 =0  we have a massless body describing a quasi-circular orbit of large radius, in 

the retrograde direction, around two bodies of finite mass in direct circular motion 

around their common centre of mass. We recognize here family m of periodic orbits of 

the restricted problem of three bodies (Str6mgren, 1933). If, instead of m2, we let 

the mass of ms or m3 tend to zero, our family will again evolve continuously, and 

this time will end in family f or h of the restricted problem. Schubart (1956) had 

already noted the connection between his rectilinear orbits and Str6mgren's family f. 

Thus, if the masses are considered as variable, we have a three-parameter family 

of periodic orbits of the kind considered in I. This larger family contains in particular 

the families m, f ,  h of the restricted problem, for all values of the mass ratio of the 

primaries, and the family described in the present paper. It could be called the retro- 

grade revolution family; here we have called it more briefly family m, as a natural 

generalization of Str6mgren's notation. 

(c) Hadjidemetriou (1975) and Broucke (1975) have independently computed in 

part another family of periodic orbits, also for the case of three equal masses. This 

family begins with direct revolution: bodies 1 and 3 form a close binary, around which 

body 2 rotates at a larger distance and in the same direction. The theoretical existence 
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proof (Siegel and Moser, 1971, page 138) applies also to this case. Therefore, if the 

mass m2 is decreased to zero, this family will evolve into family l of the restricted 

problem; if ml or m3 is decreased to zero, the family will evolve into family g or i of 

the restricted problem. We propose to call it 'direct revolution family' or 'family l' 

in general. 

(d) We comment now on the stability of the orbits. A rather unexpected result of 

our study was that orbits of family m are stable in the interval which extends from 

orbit 1 to orbit 15 (see Table I and Figure 1). Thus, there exist stable periodic orbits 

with the three masses of  the same order (they are in fact equal here) and with the three 

distances o f  the same order. This result has interesting consequences. The fundamental 

theorems of Arnold (1963) and Moser (1962) state that in a dynamical system with 

two degrees of freedom, a linearly stable periodic orbit is surrounded in general by 

a finite region of phase space in which non-linear stability also is guaranteed: orbits 

started inside that region will never leave the vicinity of the periodic orbit. Although 

a similar proof is not available for systems with three or more degrees of freedom (cf. 

Siegel and Moser, 1971, page 277), it appears very likely that a similar situation 

exists. Therefore, the stable periodic orbits which we have found are very probably 

surrounded by a region of finite measure in phase space in which the orbits possess 

non-linear stability. This means in particular that for initial conditions taken inside 

that region, none of  the three bodies will ever escape. 

Birkhoff (1927) conjectured that, except for a set of initial conditions of measure 

zero, triple systems do not remain bound forever, but end with the escape of one of 

the three bodies. This conjecture, however, seemed to be contradicted in two cases: 

first, in the vicinity of triangular equilibrium solutions, which are linearly stable when 

one of the masses is much larger than the other two (Siegel and Moser, 1971, page 

120); second, in the 'revolution' case, in which one of the distances is much smaller 

than the other two. In order to exclude these troublesome cases, Szebehely (1973, 

1974) stated a weaker conjecture: if the three masses are of the same order and if 

the three distances are of the same order, then a triple system cannot remain bounded 

forever. This conjecture seemed to be borne out by the results of extensive numerical 

tests (Agekyan and Anosova, 1967, 1968; Standish, 1972; Szebehely, 1972). Our 

present results, however, suggest that even this weaker form of the conjecture is not 

true. 

(e) For practical applications, the above study of the stability in the plane of motion 

should be supplemented by a study of the 'vertical stability', i.e. the stability with 

respect to perturbations perpendicular to the plane, as in the case of the restricted 

problem (H6non, 1973). The vertical stability can be studied separately and will be 

characterized by a third stability index, k3. An orbit which is stable in the plane can 

be unstable vertically; in fact, this was found to happen precisely for family m in the 

restricted problem (ibid.). 

In the particular case of Schubart's rectilinear orbit, however, the answer to the 

three-dimensional stability problem can be given without any additional computa- 
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tion. This orbit has axial symmetry with respect to the x-axis, and therefore the 

vertical stability index k3 is equal to the transversal stability index k2. Thus, Schubart's 

Orbit is stable in three-dimensional space. Moreover, since k3 varies continuously 

along the family, there must exist a finite interval around Schubart's orbit where 

Ik31 < 2, and we can predict that family m contains a finite interval of  three-dimensionally 

stable periodic orbits. 

(f) These results open up the possibility that there exist triple systems of stars with 

a motion completely different from the usual revolution type. Such systems do not 

seem to have been observed yet. However, the number of reliably known triple 

systems is very limited (Harrington, 1972). It might be also that the regions of stability 

surrounding the stable periodic orbits, although finite, are not very large. Finally, 

the circumstances of the formation of triple systems might be such that only the stable 

region corresponding to the revolution case can be populated. Nevertheless, the 

possibility of a different kind of motion should be kept in mind, particularly when 

interpreting incomplete data for an observed triple system. 

(g) We consider now the interval of stability at the other end of the family, i.e. 

from orbit 28 to the end. Harrington (1972) computed a number of non-periodic 

orbits for an equal-mass triple system, starting both from direct and retrograde 

revolution configurations. In the retrograde revolution case, he concluded that the 

system is stable (in the sense that there is no significant change of the osculating 

elements during the period of integration) only when the ratio of the outer periastron 

distance q2 to the inner semi-major axis al is greater than 2.75. On the other hand, 

we find that the periodic orbits become linearly unstable only at the critical orbit 28, 

for which the above ratio q2/al is about 1 as can be seen from Figure 3. Thus our 

results indicate a larger range of stability than those of Harrington. A possible 

explanation of this discrepancy is as follows: as one approaches the critical orbit, 

the region of stability surrounding the periodic orbit in phase space presumably 

shrinks, and vanishes at the critical orbit itself. Harrington did not look specifically 

TABLE IV 

Osculating elements of inner and outer binaries 

Orbit t al el a2 e2 qz/al 

number 

28 0 1.470 822 0.298 328 1.918 647 0.460 473 0.703 798 

T/4 0.733 096 0.611 209 0.880 966 0.078 594 1.107 260 

32 0 0.978 754 0.154 954 1.401 439 0.195 354 1.152 140 

T/4 0.690 583 0.310 891 1.094 483 0.002 639 1.580 686 

38 0 0.664 001 0.051 054 1.489 231 0.057 114 2.114 718 

T/4 0.599 439 0.092 311 1.421 451 0.015 912 2.333 570 

41 0 0.466 463 0.006 133 2.381 736 0.008 568 5.062 201 

7'/4 0.461 665 0.009 850 2.374 952 0.005 832 5.114 322 
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for the periodic orbits or their vicinity; he explored the whole phase space for the 

three-dimensional problem, and therefore he had to use a grid of rather widely spaced 

initial points. It might be that the region of stability for small qz/al was simply missed 

by these points. 

Another relevant consideration is that, as the ratio qz/al decreases, the mutual 

perturbations of the two binaries become large and the osculating elements begin 

to lose their significance. This is illustrated by Table IV, which gives the osculating 

semi-major axis a~ and eccentricity el of the inner binary, the similar osculating 

elements az and e2 of the outer binary, and the ratio q2/a~, at t =0  and t = T/4, for the 

last four orbits of Figure 3. For orbit 32 and even more for orbit 28, the osculating 

elements have large fluctuations and therefore these orbits might have been classified 

as unstable by Harrington. 

There is a similar, although less marked discrepancy in the direct revolution case, 

where Harrington (1972) finds instability for q2/al less than 3.5, while the last stable 

periodic orbit found by Hadjidemetriou (1975) corresponds to q2/a~=2.28. 
(h) In Paper I a normalization was proposed for numerically computed periodic 

solutions of the three-body problem; in particular, the dimensions of the orbit were 

fixed by normalizing the total energy E to a constant value (for given masses). The 

present paper brings to light some unexpected advantages of this normalization: it 

allows the curious relation between energy, angular momentum, period and rotation 

angle expressed by (10), and also the property that an extremum of the angular 

momentum A corresponds to a critical orbit (Section 4). Thus, normalizing all orbits 

of a family to the same energy appears to be not merely a matter of convenience, but 

also to reflect the deeper structure of the problem. 
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